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The structure of Hopf co-Poisson algebra on the universal enveloping algebra U(S7(2))
of Lie algebra S7(2) is determined with the help of a solution of the Yang-Baxter equation.
Using this solution, a bracket on the dual space of Lie algebra ST'(2) is also determined. This
cobracket on ST(2) induces a deformation of the universal enveloping algebra U(ST(2))
which has a Hopf algebra structure, as we shall verify. This Hopf algebra is called the
quantum group associated to a universal enveloping algebra.
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Resumen

Con ayuda de una solucién de la ecuacidn cldsica de Yang—Baxter determinamos la estruc-
tura de dlgebra de Hopf-co-Poisson del dlgebra envolvente universal U{ST (2)) del dlgebra de
Lie ST(2). Usando esta solucién determinamos un corchete en el espacio dual del 4lgebra de
Lie. Este co-corchete sobre $7(2) induce una deformacién del dlgebra envolvente universal
U((ST(2)) que tiene estructura de algebra de Hopf, como probaremos. Esta dlgebra de Hopf
es llamada el grupo cudntico asociado a un dlgebra envolvente universal.
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1. Introduction

Let G be a Lie Group and ¢ its Lie algebra; we can
obtain quantum groups as deformations of the algebra
of C* functions F(G) on G, or as quantizations of a
Lie bialgebra G. A quantization of a Lie bialgebra G is
a deformation of the universal enveloping algebra U(G)
equipped with the co-Poisson Hopf algebra structure,
such that the classical limit of this quantization is the
Lie bialgebra structure of G. To construct a deformation
of the universal enveloping algebra we need to describe
the co-Poisson Hopf algebra structure on U{G} or, equiv-
alently, we must build the bialgebra structure on the Lie
algebra G.

The purpose of this work is to describe a mathemati-
cal procedure to produce a quantum group structure as-
sociated to a universal enveloping algebra, the universal
enveloping algebra U(ST(2)) of Lie algebra S7(2). To
achieve this purpose we use a solution of the classical
Yang-Baxter equation (CYBE) on Lie algebra $7(2).
We build a cobracket in S7(2) connected with this so-
lution. This cobracket determines a bialgebra structure
in §T(2) and the co-Poisson-Hopf algebra structure in
the universal enveloping algebra U(S7(2)) as we shall
verify.

We will deform the comultiplication in 4(S7{2)) by
means of a parameter b in order to build the alge-
bra Up{ST(2)). We shall find appropriate expressions
for the coproduct Ay, the antipode application S, and
the bracket | ], on U,(ST(2)). We shall prove that
Un(ST(2)), with these applications, has a Hopf algebra
structure so that when A — 0 the coalgebra structure
of Up(5T(2)) coincides with the bialgebra structure of
ST(2). That is, we shall prove that this algebra is a
quantum group of the universal enveloping algebra type.

2. The group ST(2) and its algebra U{ST(2))
2.1. The Lie algebra S7(2}

Let ST'(2) be the Lie group of upper triangular ma-
trices 2 x 2 with determinant equal to 1 such that the

operation of the group is the multiplication between ma-
trices.

The Lie algebra ST(2) associated to ST(2) is the Lie
algebra of upper triangular matrices 2 x 2 with null trace

on R, where the matrices

X, = G) _01) X, = (g (1]) , 2.1)

form a basis with the Lie bracket given by
[X1, Xa] = —[X2, X1] = 2X3,
[X:, Xi]=0,i=1,2 (2.2)

2.2. The Lie bialgebra structure on S7(2)

A Lie bialgebra is a Lie algebra with a Lie co-algebra
structure § fulfilling the 1-cocycle condition (2.5) with
respect to the tensorial adjoint representation, (see [6]
p. 43).

The Lie bialgebra structures may be induced by the
adjoint aplication of Lie algebras

ad : 8T(2) = 8T(2) x 8§T(2)
defined by
adx(Y) =[X,Y], for X,Y € ST(2).

The adjoint representation of ST (2) is totally deter-
mined by its representation on the {X;, X3} basis of
Lie algebra, given by

adx, (Xi) = [X1,X1] =0

adx, (X2) = [X1, Xa] = 2X;

adx, (X1) = [X2, X1) = -2X;

adx, (X2} =0.
Any representation of a Lie algebra can be extended to
a unique representation on the tensorial product of Lie
algebras. Then we can extend the adjoint representa-
tion just defined to the adjoint tensorial representation
in the following way

(adx @ T+ IT®adx):
ST2)®S8T(2) - ST(2)®S8T(2)

(adx @ I+ I @ adx }(X: ® Xj)
=(adx ® I + I® adx)(X; ® X;)
= (adx (X:) ® IX; + IX; @ adx (X;))
=X, Xi) @ X; + X; ® [X, X;].
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With this adjoint tensorial representation and with one
special r-tensor, r € 8§T(2) ® §T(2), we are able to
define a co-Lie algebra structure.

An element r € ST(2) ® ST(2) defines a Lie bial-
gebra structure if and only if r is skew-symmetric and
[[r,7]] = 0. The equation [[r,7]] = 0 is called the cla-
sical Yang-Baxter equation (CYBE). Moreover if r is a
skew-symmetric element, r is called an r-matrix.

We know that the Lie algebra $7T(2) has only one
r—matrix (see [9}), and that this r-matrix is the tensor

r=X; X3 - X5 ®Xj, (23)

X1, X2 being the basis elements of $7(2). Thus r is
skew-symmetric and satisfies the Yang Baxter equation,

[[r, 7]} = [r12 + ras] + [P12 + T3] + [r13 + rea] = 0.
where
re=X19Xo Q@I -Xo3X, 01
raa=IRX1Xe - I® X ® X
ra=X;R@IX:-X:010X;

Proposition 2.1. The r-matrix
r=X18X;- X8 X,

induces a cobracket on the Lie algebra ST(2) by the
application

d:87(2) = ST(2)®ST(2)
defined by
6(X)=(adx @ T+ IQadx)(r)= X - r,
for X € 8T(2).
Proof. We can show that & satisfies the properties of
a cobracket. For this purpose it is enough to prove that
d satisfies these properties on {X;, X5}, the basis of the
Lie algebra. In those elements, 4 is given by
8(X1) = Xy.r = (adx, @[ +I®adx, )( X190 X2 - X209 X1 )
= —[X1, X2] ® X1 + X1 ® [ X1, X,
=2(X1 ® X2 ~ X2 ® X1),
§(X2} = Xp.r = (adx, ®I+I®adx, )(X18 X2~ X2®X1)
= [X2, X1]® X2 — X, ® [ X2, X1] = 0. (2.4)

Then § satisfies the following cobracket properties over
{X1, X2}

(DIFSX) = X ® X, then
X,‘@Xj:—Xj@Xi for all i, j.

(2) 4 satisfies the associative property,
(id®d)od—(d@id)cd=0.

(3) 4 is one 1-cocycle, that is, & satisfies

([ X, X;1)
= (adx, ®I+I®adx, )d(X;)—(adx, R+ I®adx,)d(X;)
= X;.8(X;)~ X;.6(X;) (2.5)

with 4,5 = 1,2 and X;, X; € ST(2).

The proof of these properties is straightforward.
However, since § is defined by an r-matrix we can de-
duce, from Proposition 2.1.2 of (2], that § is a cobracket
on (§7(2}). Therefore (§7(2),4) is a Lie bialgebra.

The Lie bialgebra (ST(2), d) is called a quasitriangu-
lar bialgebra because it is generated by a solution of the
CYBE and triangular bialgebra because it arises from a
skew-symetric solution of the CYBE. This Lie bialgebra
is also called a coboundary Lie bialgebra because the
cobracket 4 is a 1-cocycle.

2.3. The universal enveloping algebra U(S577(2))

Let 8T(2) be the Lie algebra of ST(2) and let
T(ST(2)) be the tensorial algebra of ST(2),

T(ST(2)) = ®nx0T™(ST(2)) = Bno(ST(2))®"
where

TOST(2) =(ST(2))° =k, T'ST(2) = (ST(2)),

THST(2)=(ST2)) @ (ST(2)® -+ & (ST(2)).

The universal enveloping algebra 2/(S7(2)) of the Lie
algebra ST(2) is the associative algebra,

U(ST(2)) = T(ST(2)/Z,
where 7 is the ideal of 7(S7(2)) engendered by
18X —Xo® X, - 2X,, X1, X2 € 5T7(2).
with the product given by the recurrent operation,
(XTXINXTXS) = X7 X Xo X5 XD X
= X" 712Xy + X X)) X3 XP XS
=2XPIXPXT XS + XP T X X XPTIXP XS

Note 1. It is known that a universal enveloping alge-
bra U(G) of the Lie algebra G is a Hopf algebra (see [2],






