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Usando propiedades estructurales de los polinomios ortogonales cldsicos (Hermite, La-
guerre, Jacobi y Bessel), se implementa el algoritmo de Leverrier-Fadeev para obtener el
polinomio caracteristico de una matriz cuadrada de elementos complejos.
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Abstract

Using structural properties of classical orthogonal polynomials (Hermite, Laguerre, Jaco-
bi, and Bessel), an implementation of Leverrier-Fadeev algorithm to obtain the characteristic
polynomial of a square matrix with complex entries is presented.

Key words: Characteristic Polynomial, Transfer Functions, Orthogonal Polynomials,
Classical Linear Functionals.

1. Introduction the identity matrix in C™"*". Indeed, if

For a given matrix A € C™*™ an algorithm attribu- n—1 i
ted to Leverrier, Fadeev, and others, allows the simul- p(s) =det(s] — A) = s" + Z Ap—kS
taneous determination of the characteristic polynomial k=0
of A and the adjoint matrix of sI — A, where I denotes denotes the characteristic polynomial of A and
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n—2
A(s) = Adj (sI — A) = s" T + Z s*Bp_p_1
k=0

denotes the adjoint matrix of sI — A, and taking into
account

A(s) = p(s)(sI — AL,

then the coefficients (ai) and the matrices (By) can be
generated from

(Il:*tI'A, 31:A+(11]7

(1.1)
ap = _%tr (Akal)v Bk = Cl,kI + ABk*la

for k =2,...,n— 1. Here tr A denotes the trace of the
matrix A.

Notice that (1.1) can be read as follows (See [3])
(sT = AYA(s) = p(s)]T,
(1.2)

ds

Despite the little value from a numerical point of view,

this algorithm is useful for theoretical purposes as well

as for the applications in linear control theory. More
1

p(s)

nuous time linear system with n inputs and n outputs.

precisely, A(s) is the transfer function of a conti-

The algorithm takes into account the representation
of the characteristic polynomial and the adjoint matrix
in terms of the canonical basis {sk }Zzo in the linear spa-
ce of polynomials with complex coefficients and degree
at most n.

From a computational point of view the accuracy of
the algorithm using an orthogonal polynomial system
is improved. For some particular cases of orthogonal
polynomials S. Barnett [1] gave an implementation of
the algorithm. The key idea is the relation (1.2) as well
as the expression of the derivative of the polynomial
Py, k=1,...,n, in terms of the family {P}}_,. The
aim of our contribution is to present a general approach
for families of classical orthogonal polynomials (Hermi-
te, Laguerre, Jacobi, and Bessel) taking into account a
characterization of such families obtained in [4]. Indeed
it allows to give an expression of Py as a linear combina-
tion of P, P, and Pj_,. Thus we can show a very
simple implementation of the Leverrier algorithm, whe-
re parameters associated with the three-term recurrence
relation play the main role.

The structure of the paper is the following. In the
section 2 we summarize the basic properties of classi-
cal orthogonal polynomials. In the section 3 we present
the adapted version of Leverrier algorithm for bases of
classical orthogonal polynomials, and we analyze it for
each family of classical orthogonal polynomials. In the
section 4, some examples are tested.

2. Classical Orthogonal Polynomials

Let u be a linear functional in the linear space IP of
polynomials with complex coefficients. If {, ) denotes
the duality bracket then ¢, = (u,2™) is said to be the
moment of order n associated with the linear functional
U.

The linear functional u is said to be quasi-definite
[2] if the principal submatrices of the Hankel matrix
H = (CZ-H);)E:O are non-singular. In such a case, there
exists a unique sequence of monic polynomials { P, }22
such that

(i) (u,z*P,) =0, k=0,1,...,n—1.
(i) (u,x"Py,) # 0.
(iii) deg Py, = n.

The sequence { P, }72, is said to be a sequence of mo-
nic orthogonal polynomials (SMOP) with respect to w.
It is very well known that { P, }22 , satisfies a three-term
recurrence relation

2P, () = Poy1(x) + BnPu(®) + aPa1(z), (2.1)
n=1,2, ... with v, # 0.

The converse is also true and this result is due to
several authors despite the fact is known as Favard’s
Theorem [2].

If () denotes a polynomial, then a new linear func-
tional @ = g(x)u can be introduced as follows

(@, p(x)) = (u, p(z)q(x)) (2.2)
for every p € IP.

On the other hand, as for a distribution, the de-
rivative of the linear functional w,Du, is given by

<Du,p(x)> - 7<U,p/($)>, pe P.

Definition 2.1. A linear functional u is said to be clas-
sical if there exist polynomials ¢,, with deg¢ < 2
and degy =1 such that

D(¢u) = Yu. (2.3)

Up to a linear change of variables, four cases appear



(i) ¢(z) = 1. This leads to Hermite linear functional

with ¥(z) = —2z.

(i) ¢(x) = x. This leads to Laguerre linear functional
with ¢¥(z) = —z + a + 1.

(ii1) ¢(x) = x? — 1. This yields the Jacobi linear func-
tional with ¢¥(z) = —(a+ S+ 2)z + 5 — a.

(iv) ¢(x) = x2. This yields the Bessel linear functional
with ¥(z) = (a + 2)z + 2.

41

Theorem 2.2.(see [4]) If { P, }52, is the SMOP associa-
ted with u, then the following statements are equivalent

P/
{Qn}Ly, with Qn = nrj:ll’ is a SMOP.

P, = Qn + Tnanl + SnQn72~

TABLA 1. Coefficients in the three-term recurrence relation (2.1)

Bn Yn
n
H it 0 -
ermite 5
Laguerre n+a+1 n(n+ «a)
. g a? in(n + 0)(n + A)(n + 0+ B)
Cn+a+B)2n+a+F+2) (Cn+a+B-1)2n+a+8)22n+a+5+1)
20 dn(n + «)
Bessel - -
2n+a)(2n+ o+ 2) 2n+a—-1)2n+a)?(2n+a+1)
TABLA 2. Coefficients in the relation of the Theorem 2.2 (i)
Tn Sn
Hermite 0 0
Laguerre n 0
Jacobi 2n(a— B) dn(n —1)(n+ a)(n+ 5)
Cn+a+B)2n+a+B+2) (nta+B-1)2n+a+6)22n+a+p+1)
dn dn(n —1)
Bessel
(2n+a)(2n+ a + 2) 2n+a—-1)2n+a)?2n+a+1)

3. Leverrier-Fadeev Algorithm

Let {P,}52, be a sequence of monic orthogonal polynomials. If we expand the characteristic polynomial p(s) and
the adjoint matrix A(s) of a matrix A € C™*" in terms of the above basis in the linear space of polynomials with

complex coefficients, then we get:

n—1
p(s) = Pu(s) + D dn—1Pi(s), (3.1)
k=0
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A(s) = Py_1(s)I + i Py(s)Bp_i_1.
k=0

From the first identity in (1.2)

(sI — A) <Pn1(s)l + ni: Pk(s)Bn“) = P, (s)I + ni: an_ 1 Py(s)I.
k=0 k=0

Taking into account the three-term recurrence relation (2.1) for the family {P,,}72,, (3.3) becomes

n—1
Po($)I+ Y din 5 Pr(s)T = [Pu(s) + Bp1 Pact + Va1 Paa] I — Po_1(s)A+
k=0

n—2 n—2

> (Prs1(8) + BiPi(s) + WwPe-1(5)) Buok1— > _ Pr(s)ABp__1 .

k=0 k=0

Equating coefficients of Py in the previous expression we get

ABy = —ail+ B,_1Bo+ By,
ABy = —asl +yn-1Bo + Bn-2B1 + Ba,
ABn—k—l = —Gnppl+ 'Yk-l-an—k—? + 6kén—k—1 + Bn—ka k= 1a 2; s, 37
ABTL—l = _an + 71B7L—2 + ﬂOBn—lv

(3.4)

with BO = 1. In a matrix form

B,_ B,
) ! ! In the literature, the matrix M is called the comrade ma-
A E =M E trix of A with respect to the orthogonal system { P, }52 .
By By His characteristic polynomial is p(s). In particular, we
where M = J,, — [0]a]. J, is the Jacobi matrix of di- get
mension n associated with the SMOP {P,}5° 1. e. n-l
~ _0 tI‘A:—Zﬂj—dl.
oo m O - 0 =
1 B 7 : L
On the other hand, from the second relation in (1.2)
JIn = o . . 0 forn=2,3,... we have
n—1 n—2
: & Tn—1 PTIL(S) + Z &n,kP;é(s) = nP"_l(s) + Z Pk(s)tr Bn,kfl.
L (UNRES 0 1 Bna J k=0 k=0
and (3.5)
dn
P If {P,}52, is a classical family then, from theorem
a= " (), we get
: P (s P! P._.(s
a1 Py(s) = k+1()+7”k G ’H(),k=2,3,...

E+1 k k—1



Thus, substitution in (3.5) yields

/s)—l—Zdn,kP,é(s) = P(s) +rn- 1
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Pl () 4 su-1 =5 Ph_a(s)+

+Z (Pk+1

P! P (s
- k(8)+sk k 1()

Bk
Lk E_1 )trnk1+

P/
+tr Bp_1P}(s) +tr B,_s ( 22(5) + rlP{(s)> :

Finally, equating the coefficients of P; in both hand sides we get

(’I’L — 1)&1 = nrp—1 + tr Bla
(n—2)as = nsp_1+ rp_aotr By + tr Ba,
. (3.6)
kp— = Sgtitr En_k_g + rptr Bn—k—l + tr Bn_k, k=1,2,...,n—3.

Thus, in order to obtain () and (By) we will pro-
ceed as follows.

First Step
d1 =N (671_1 - 7‘n_1) —tr A. (37)

Indeed, taking traces in the first equation of (3.4),
and (3.6)

trA = —na;+nlp_1+tr 31,
(’Il — 1)&1 = Nnrp_-1-+ tr Bl,

and (3.7) follows.

Second Step
By = ABy + a1 — 3,_1By. (3.8)

Third Step
23 = (Yn—1 — Sn_1)tr By +
(Brn—2 — rp_o)tr By —tr (ABl) . (3.9
Indeed, from the second equation in (3.4) and (3.6)
tr (ABl) = n(yp-1— G2) + PBp_otr By + tr B,
{ tr By = (n —2)ag — nsp—1 — rp_otr Bl,
and (3.9) follows.

Fourth Step
By = ABl + a9l — ’}/n_léo — 6n—2B1~ (310)

Thus, for k=1,2,... ,n—3,
(n—k)an—k = (Bk — re)tr Bp_p—1 +

(Yrt1 — Sk41)tT By_p_o — tr (ABn—k—l) ;
(3.11)

as well as
Bn—k - ABn—k—l + &n—kI - 7k+1Bn—k—2 - ﬂan—k—l-

These results follow from the expressions in (3.4) and
(3.6) for k=1,... ,n—3.

Finally, taking traces in the last equation of (3.4) we
get

ndn = ﬂotr Bn—l + "yltI‘ Bn_g —tr (ABn_1> .

As a conclusion we get

Theorem 3.1.
(i) For k=0,1,... ,n—1,
(n—K)an_r = Bk — r1)tr Bp_j_1 +

(Vi1 — Sk41)tr By_g_o — tr (ABn—k—l) ;
(3.12)

with the convention B,l =0, 1o =0, s1=0.
(ii)) Fork=1,2,... ,n—1
Bh_x=ABn_ 1+ an_il —
YVer1Bnk—2 — BiBn_r_1. (3.13)
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The implementation of the algorithm is as follows

DATA: {6} 20, {m}ior {redisos {sedios
Initial Condition: B_; =0, By = I.
1. From Bn,k,g and Bn,k,l taking into account

(3.12) we get dp—g-
2. From (3.13) we get By_p.

END

and, for each family of monic orthogonal polynomials,

is given in below

3.1. Hermite Case. According to Theorem 3.1 we get
(i) (0= k)an_k = 140 By pp —tr (Af}n,k,l).

. ) kil
(i) Bo = ABp_p—1 + ] — %Bn_k_g. (3.14)

In particular, taking traces in (ii) and using (i) we get
tr Bn—k = k&n—k-
This is formula (3.12) in [1].

Furthermore, substituting in (i) we get

(Tl*k)fln_k =
W&n,k,z—tr (ABn,k,l), (3.15)
tr (Aén,k,l) - wgzn,k,g — (1 — k)an_s.

3.3. Jacobi Case. According to Theorem 3.1 we get

ﬁ2—052

3.2. Laguerre Case. According to Theorem 3.1 we
get

(i) (n—k)an_p = [(2k+a+1) —ktr B,__1 +
(k+1)(k+a+1)tr B,_j_o—tr (AB”_k_l)
l1.e.
(n—k)an_r = (k+ o+ 1)tr By_j_1 +
(k+1)(k +a+ 1)tr By_p_o — tr (Af}n,k,l)
(i) Bur = AByjo1 + apiI —
(k+1)(k+a+1)B, o —
(2k +a+1)B,_ 1 (3.16)
Taking traces in (ii) and using (i) we get
tr By_j = kan_r — ktr By_p_1.
Thus we deduce
(n—k)an—1 = (k+a+1)tr By_j_1 +
(k+a+n(k+nmhhlfmém%4}f
tr (ABn—k—1)7
l1.e.
(n—k)an—r=(k+a+1)(k+1)ap_g—1—
tr (Aén,k,l) . (3.17)

Up to a normalization this is the formula (3.23b) in [1],
when o = 0.

2k(a — B)

(n = k)an—r = ((2k+a+5)(2k+a+ﬁ+2) )

(2k+a+B)(2k +a+ B +2)

) tr ankfl +

( 4k +1)(k+1+a)(k+1+8)(k+1+a+p)

Ck+a+p+1)2k+a+8+2)22k+a+ [ +3)

dk(k+1)(k+1+a)(k+1+p5)

Ck+a+p+1)2k+a+8+2)22k+a+5+3)
4k+1)(k+1+a)(k+1+p)

00—«

) tr En_k_2 —tr (ABn—k—l) =

—  tr B,
Yetatpra Onktt

Ck+a+p+2)22k+a+5+3)

tr Bn_k_g —tr (ABn—k—l) .

On the other hand, if & = 8 then we are in the Gegenbauer case. The linear functional is symmetric and thus get

4k+1)(k+ 14 w)? R

(n — k')&n—k

kE+1

(2k + 20 + 2)2(2k + 2a + 3)

tr B2 —tr (ABn—k—l)
(3.18)

b (4B,

2k +2a+ 3
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or, equivalently

) A Ak +1)(k + 1 + a)?
B _ = —
tr By Kinkt 5k T 20 + 1)(2h + 20 1 22k 1 20 1 3)

tr ankf%
i.e.
k(k+1) -
Bn—k—Q-
(2k +2a+ 1)(2k + 2a0+ 3)
Notice that the symmetry of the linear functional yields an important simplification in our algorithm.

tr Bn—k = ka,_ +

Furthermore
4(k+1)(k+a+1)*(k+2a+1) «
(2k + 200 + 1) (2k + 2a0 + 2)2(2k + 2 + 3)

Bn—k = ABn—k—l + &n—kI - n—k—2

(3.19)
(k+1)(k+2a+1) ~
(2k +2a+ 1)(2k + 20+ 3)

This is, up to the corresponding normalization, the formula (3.20) in [1] for o = 0.

= ABn—k—l +an I — n—k—2-

3.4. Bessel Case. According to Theorem 3.1 we get
—2a — 4k - 4k+1)(2k+a+1)

— K)p_p, = tr Br_p_1 — tr By_j—o —tr (ABp_j_
(=Kt = @i T a1 Pt T B ra T D2k ta s 22k Fa s 3 Dk r( k 1)
—2 . Ak +1) . .
S R N tr By_j_2 —tr (ABn_j_1),
Mtat+2 U Qktat22(@ktats) TR r( k 1)
i.e.
1 ) . k41 .
(n— k)an g+ gt By g +tr (ABn_k_l) n - T tr By_po =0, (3.20)
F+l+g (k+1+5) @k+a+3)
2
together with
. . ) Ak +1)(k+a+1 . 2 .
ank = Aankfl + anfk[ + ( )( 2 ) Bn7k72 + < ankfl- (321>

2k+a+1)2k+a+2)22k+a+3) (2k + a)(2k + a + 2)

4. Example
Consider Using (3.15), we get
1 -4 -1 -1
2 0 5 —4 a1 _
A _ ] . Y 3 as = 3 2tr (ABl) = 12,
-1 4 -1 6

and from (3.14)
which has characteristic polynomial

Z -1 -10 5
a(s) = s* — 557 +9s% — Ts + 2. 3 _5 11 _33 3
By =asl — By + AB; = 2 55
We apply the algorithm for each basis. 2 5 9 P
7T 2 3
4.1. Hermite Basis. From (3.15), a; = —tr A = -5, . .
and from (3.14) Using again (3.15)
4 -4 -1 — 1 2
;L ;1 é i agzalfgtr (AB2):7597
Bl = (7,1[ + A= B B .

-1 1 -7 3

14 -1 1 and from (3.14)
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8§ 0 15
1| 4 11 49
By=asl=Bi+AB =5 | 1 39

—12
—14
11

4.3. Jacobi Basis. We consider the family P, = Pr(bo’o)
(Legendre Polynomials). From (3.18), a3 = —tr A =
—5, and from (3.19)

—4

—4

-1

—4

-3 -8 =33 7
Finally
1 1 29
a4 = Zag — Ztr (AB3) = Z
Hence, the characteristic polynomial of A is given by
(3.1) as

a(s) = Ha(s) — 5Ha(s) + 12Ha(s) — %Hl(S) + %Ho(s)

4,2, Laguerre Basis. We consider the family {LY}°>° .
From (3.17), a3 = 16 —tr A =11, and from (3.16)
5 —4 -1 —4
2 4 5 —4
—1 1 2 3
-1 4 -1 10

Blza1[—7Bo+A:

Using (3.17), we get
9 1
as = 5&1 — 5131‘ (ABl) = 36,

and from (3.16)
BQ = agl - 9BO - 5Bl + ABl

4 -17 -14 -11
-1 -12 -13 -13
1 13 16 9
3 23 18 22

Using again (3.17)
4 1
a3 = gag - gtr (ABQ) = 35,

and from (3.16)
Bg = a3] - 4Bl - SBQ + ABQ
-2 -7 -4 -7
-4 -6 -1 -10
3 5 2 7
4 9 4 11

Finally
1 1
Zag — Ztr (ABg) =T.
Hence, the characteristic polynomial of A is given by

(3.1) as
a(s) = LY(s) 4+ 11L3(s) + 36L(s) + 35LY(s) 4+ 7TLJ(s).

ay =

2 =5 5 —4
-1 1 -7 3
-1 4 -1 1

B1:CL1[+A:

Using (3.18), we get

6 1 69
ag = ? — itr (ABl) = 7,
and from (3.19)
B -1 -10 5
9 -9 -4 -33 3
B2 = CLQI - %BO + AB1 = 5 59 1_?)3 _3
717 22 ¢
Using again (3.18)
2 1
as = 1—5t1" Bl - gtr (ABQ) = —10,
and from (3.19)
4
By =a3l — —B AB
3 =as 1571 + 2
—10 2 23 —16
- 1 5 19 71 —-19
3 -1 =17 =55 15
—4 —-14 —-49 10
Finally
1 1 26
aq = Etr BQ — Ztr (AB3) = E

Hence, the characteristic polynomial of A is given by
(3.1) as

a(s) = Pa(s) = 5P3(s) + = Pa(s) — 10Pi(s) + = Po(s).

11

Now, We consider the family U,, = P,SZ’Z (Chebys-

hev Polynomials of the second kind). From (3.18),
a; = —tr A= -5, and from (3.19)

-4 -4 -1 -4

2 =5 5 —4
-1 1 -7 3
-1 4 -1 1

B1:CL1[+A:

Using (3.18), we get

3 1 39
ag = Z — §tr (ABl) = Z,



and from (3.19)

%
1 -9 -
BQZCLQI—ZBo—FABl: 5
7
Using again (3.18)
1 1
az = §tr Bl — gtr (ABQ) = ——
and from (3.19)
1
Bg == agl - ZBI + ABQ
—12 4 31
. l 6 27 93
T4 -1 -23 -T1
-5 —-20 —65
Finally
1 1
ay = —tr By — —tr (ABg)

16

Hence, the characteristic polynomial of A is given by

(3.1) as

als) = Us(s) = 5Us(s) + % Vals) = 5 Ui (5) + L 00(o).

4.4. Bessel Basis. We consider the family B,, = BY.
From (3.20), a3 = —1 —tr A = —6, and from (3.21)

-5 -4 -1 —4
2 -6 5 —4
Bl = a1] + A = 1 1 -8 3
-1 4 -1 0
Using (3.20), we get
2 1 1 102
(12—7ﬁfétrB17§tr (ABl)—?,
and from (3.21)
1
B2 = CLQI + %BO + AB1
B3 -9 9
—-11 -2 _38 7
- 6 8 18 _4
8 3 23 -2

4

= |

- ol

—10

-33
53

2
22

19
27

—20
—24
19
13

35

8

NI= W W Ut
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Using again (3.20)

1 1 1 289
as = —%tr Bl — gtr Bg — gtr (ABQ) = —1—5,

and from (3.21)

1
Bg = a3] + 1—531 + AB2

-21 1 52 —35
1 34 43 175 32
3| —17 —43 —141 27
—-26 —-31 -—116 10
Finally
1 1 1 84
ay4 = —Etr BQ — Ztr B3 — Ztr (AB3) = E

Hence, the characteristic polynomial of A is given by
(3.1) as

(5) = Ba(s) — 6Bs(s) + o2 Bals) -

289 84
—B —By(s).
=B (s) + = Bo(s)
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