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[W)1lot)as = 5 |[6T)1,2(l0)3+B81)3) + [¢T)12(al1)s+8[0)3) +¢ )1 2(al1)s—3]0)s) + |¢_)1,2(a|0>3—ﬁ|1)3)]- (35)

(t2) Next, Alice sends the result of her measurement, two
classical bits of information, to Bob via a classical
channel. These classical bits are represented by two
straight lines in Fig. 5. Eq. (35) can then be rewritten
as

W1l¢t )23 = 3|0 12(¥)s + [ )12(0x)[¥)s + (36)

[ ,2(=ioy ) W)s + |87 )1.2(0) W)

where the o; operators are the Pauli matrices in the
{]0),]1)} basis®.

(t3) After receiving Alice’s classical information, Bob per-
forms one of the following unitary operations [see Eq.
(37)] in order to transform the state of his particle?
into |W):

o) 2 — 1 (do nothing) ,

W10 — ox  (do bit flip) ,

¥ )1,2 — 0x0, (do bit- and phase-flip) ,

|07 )10 — 0y (do phase flip) . (37)

Hence, Bob only needs to apply one of the unitary trans-
formations of Eq. (37), conditional on the outcome of Al-
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Since the Hadamard transform is just a single qubit
gate, it is obvious that the CNOT gate is the one re-
sponsible for the generation of the entangled basis By =
{|6%), [1p*)}. Interestingly, the same CNOT gate can be
used to disentangle the Bell basis states: just apply the
circuit ¢NOT;oH; to the Bg-basis states and you shall
end up with the disentangled basis B! As discussed in
Sec. 11, this is because of the reversibility of this entan-
gling gate. In an n-qubit register, the Schrodinger’s cat
state |[Uy gar) = \%(\00 RNV ET S I B 1)1,,,_,n) can
be produced, for example, starting from the trivial in-
put state [00...0); . ,, and then applying a sequence of
n+ 1 cNoT gates (Reina & Johnson, 2000(D)).

Figure 6(a) shows the computational approach, which
is based on the work reported in (Brassard et al., 1998).
As usual, two parties are referred to, Alice and Bob. Al-
ice wants to teleport an arbitrary, unknown qubit state
|¥) to Bob. Alice prepares two qubits in the state |0)
and then gives the state |T00), as the input to the sys-
tem. By performing the series of transformations shown
in Fig. 6(a), Bob receives as the output of the circuit the
state %UO)Q + \1>G)%(|o>b + |1)3)|®¥),. This circuit by
itself is not a quantum teleportation machine, we next
show how to transform it into a quantum teleportation
device.

The circuit shown in Fig. 6(a) comprises the telepor-
tation protocol given above. As before, this uses three
qubits. The unitary transformations that are applied
during the computation process in Fig. 6(a) (from left to
right) are:

(t1) Preparation of the input state: this is initialized as the
direct product of the unknown state to be teleported,
[W), = al0), + #|1),, and the basis state of qubits 2,
and 3, [00),,.

(t2) Realization of the first two quantum gates gives

75 (a]0) +311)) (100) +[11)) =
75 (@]000) + o [011) + F[100) + 53 [111))

(42)

(t3) The oNOT12 gate produces

% (a|000) + « [011) + B |110) + F[101) ) (43)
(t4) After the Hadamard transform H; one gets
%{ 000) + [100) + « [011) + a [111) } +  (44)

7 {lo1) — 110) + oot) - j101)} |

which can be rewritten as

2{]00) (ar|0) + B[1)) +101) (|1} + 310) ) +
10} (r|0) — B[1)) + [11) (e [1) — B|0) )} =
24100y |v) +01) Gz [9) + [10) G o) + |11) (—ioy ) [¥) }

(45)

and we are done, since now we only need to make a mea-
surement in the computational basis over qubits 1 and
2 (at the dashed line) and the outcome will reveal the
transformation that Bob needs to perform over qubit 3
in order to obtain the desired quantum state [¢)). Note
that for the circuit to work as a teleportation device: i)
two bits of classical information have to be transmitted
from Alice to Bob, and ii) we have used the computa-
tional basis By which can be significantly easier to realise
in the laboratory than the Bell basis originally used in
(Bennett et al., 1993).

(t5) If we were to perform the second part of the circuit
(after the dashed line) the final result or outcome of
the computation is given at the right hand-side of Fig.
6(a). This process, however, can be simplified if we
notice that after Alice’s measurement (at the dashed
line), the four possible outcomes (left-hand side of Eq.
(46)) explicitly indicate the route of action to be fol-
lowed by Bob over his qubit (right-hand side of Eq.
(46)) in order to recover Alice’s original quantum state:

00) — T 0) + 3[1)) = |¥),

01) — Gua|l) +310) = [P),

110) — G.(a]0) — B1)) = [¥),

1) +— &.5a(all) - 5l0) =[¥);  (46)

This process can be summarised, in the language of
quantum circuits, as shown below. Each ‘detector box’
and double line means, respectively, the measurement
and communication of one bit of information:

) [} A

0y —{H]
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N

|0) b Xz |w)

In Fig. 6(b), the analysis of the teleportation process
is extended to the case of a four qubit circuit (Reina &
Johnson, 2000(D)). As before, Alice wants to teleport
the state |¥); to Bob. She prepares three qubits in the
state |0} and gives the state |¥000) as the input to the
system. From Fig. 6(b) it is clear that the function of
the first three gates performed by Alice is to obtain the
maximally entangled GHZ state |Wgpz) = %(\000) +





