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Abstract. On the basis of second mean-value theorem (SMVT) for integrals, a discretization
method is proposed with the aim of representing the expectation value of a function with respect to
a probability density function in terms of the discrete probability theory. This approach is applied
to the continuous Rényi entropy, and it is established that a discrete probability distribution can be
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of two coherent states is used for developing a representative example.
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1. Introduction

Consider a continuous random variable � with a known probability density function
ρ(x) ≥ 0, where the range a ≤ x ≤ b can be finite, semi-infinite or infinite. The mean
value (or expectation value) of an observable property described by the function f (x) is
defined by

〈f (x)〉 :=
∫ b

a

f (x)ρ(x)dx ,

∫ b

a

ρ(x)dx = ω, (1)

where the constant 0 < ω ≤ 1 is the degree of completeness assigned to ρ(x).
In addition to the analytical or numerical computation of mean values, eqs (1) are

important for most applications or theoretical problems of interest. In statistics, calcu-
lation of the moments 〈xν〉 of a variable x, where ν ≥ 0 is an integer, is of interest.
In quantum mechanics, the expectation value of an observable quantity described by the
function f (x) with respect to a probability density function (PDF) ρ(x) := |ψ (x) |2,
where ψ(x) is the wave function in coordinate representation, is often required.
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In probability theory, statistics, statistical mechanics, communication theory, and other
fields of science, the calculation of Rényi and Tsallis entropies [1–3] for probability
density function ρ(x) involves integral

∫ b

a
[ρ(x)]q dx, where q ≥ 0 is a parameter.

The aim of this paper is to present a procedure for the discretization of eqs (1) based
on the second mean-value theorem (SMVT) for integrals by postulating that: (i) The PDF
ρ(x) can be represented by a discrete probability distribution P := {P1, P2, . . . , PN }
with N elements. (ii) The expectation value 〈f (x)〉 can be described analogously to
the case of a discrete probability distribution, i.e., 〈f (x)〉 = ∑N

�=1 f�P� , where f :=
{f1, f2, . . . , fN } is a suitable set of values of the function f (x). (iii) The expected value
obtained by using the sum must match the value 〈f (x)〉 given by the integral in eq. (1).
Hereafter the notation ωN is used instead of ω. Thus, the degree of completeness of
the density function ρ(x) is described by the relation

∑N
m=1 Pm = ωN , where P can be

complete (ωN = 1) or incomplete (0 < ωN < 1).
According to Shannon’s fundamental uniqueness theorem [4], the entropy S(P ) :=

−kB
∑N

n=1 ln(Pn)Pn is uniquely defined for discrete probability distributions P :=
{P1, P2, . . . , PN } of an exhaustive set of N mutually exclusive events (kB is a conven-
tional positive constant). The discrete entropy is a measure of the ‘amount of uncertainty’
in a probability distribution P [5], and 0 ≤ S(P ) ≤ N . In the search for the analo-
gous expression of S(P ) in the case of a continuous variable x, certain problems arise
in the transition P → ρ(x), i.e., from discrete probability distributions P to continuous
probability density functions ρ(x):

(1) To begin, consider the integral H := −kB
∫ b

a
ρ(x) ln(ρ(x))dx proposed in 1948 by

Shannon [4] as a measure of relative uncertainty for a continuous random variable
x. This quantity H , known as continuous (or differential) entropy of ρ(x), has
become one of the most important measures in quantum mechanics and other fields
of science. When the interval a ≤ x ≤ b is divided into bins, each one of length
� and within each bin [n�, (n + 1)�] the mean value theorem is used, then the
discretized entropy H� is given by H� = −kB

[∑
n ρ(ξn) ln(ρ(ξn)� − ln(�)

]
.

The first term approaches the entropy of a discrete probability distribution P ,
and if the number of elements of P increases more and more, then � → 0, the
extra term − ln(�) goes to ∞, and H differs from H� by an amount −∞ (see [6],
§2.2). In conclusion, the Shannon continuous entropy (H ) cannot be interpreted
as the limit of the Shannon entropy of a discrete probability distribution P with N
elements, when N → ∞, and both quantities differ by an infinite offset.

(2) In his attempt to change from a discrete distribution P to a continuous probability
distribution ρ(x), Jaynes encounters a similar problem (see [5], §4.b). He removes
an infinite constant arising from a term ln(N ) to define the finite continuous entropy
Hc := −kB limN→∞[∑N

n=1 ln(Pn)Pn − ln(N )] = −kB
∫ b

a
ln (ρ(x)/m(x)) ρ(x)dx.

He assumes that the density of discrete points approaches a reference measure
function m(x) that can be interpreted as ‘the prior distribution describing com-
plete ignorance of x’ (see [7], §VI). Hc is invariant under the change of variables
but there is an ambiguity in determining m(x) because it is not the result of some
definite and explicit limit.

In this work, instead of the transition P → ρ(x), the transformation ρ(x) → P is
considered. From the numerical point of view, there are different powerful discretization

1074 Pramana – J. Phys., Vol. 85, No. 6, December 2015



Discretization of probability density functions and Rényi entropy

methods for eq. (1), e.g., approximation formulae for the mean and variance or methods
based on Gaussian quadrature with N points which can handle 2N moments [8]. Instead
of trying to improve the existing discretization methods, the focus of this paper is the dis-
cretization of eq. (1) by taking advantage of SMVT as a general mathematical approach.
Working on this problem is important, e.g., in quantum physics, a theory in which most
observable quantities have a continuous spectra or mixed spectra, i.e., one which contains
both discrete and continuous components. One should assess the contributions of the two
parts of the spectrum of an observable quantity on a common definition, including the
case of the entropy. However, as indicated earlier, discrete and continuous Shannon and
Jaynes entropies do not share the same definition and when N → ∞ they differ by an
infinite offset.

In this study, considerations are restricted to the Rényi entropy of order q (q ≥ 0,
q 	= 1) for the probability density function ρ(x) [1,2] (see the definition of SR(q, h) in
eq. (11)). The Rényi entropy is a one-parameter axiomatic generalization of the Shannon
entropy that has been successfully applied in many fields such as physics, engineering,
economics and biology. The Shannon continuous entropy H results as a special case of
SR(q, h) in the limit q → 1.

The proposed method is applied to a quantum mechanical particle in a state 
(x)

described by the superposition of coherent states, which implies a probability density
function ρ(x) = |
(x)|2. This system supports a probabilistic description and exhibits
quantum mechanical interference effects, a distinguishing feature of a quantum system.
The idea underlying this work is that one can differentiate and characterize quantum and
classical behaviours by using the Rényi entropy [1,2] associated with the finite discrete
probability distribution P that emerges by using the SMVT discretization procedure.

This paper is organized as follows. Section 2 describes the basis of discretization
method of the probability density function ρ(x). Section 3 deals with the Shannon and
Rényi entropies [1,4] of a continuous distribution with PDF ρ(x). Section 4 considers
an application to a quantum system described by a linear superposition of two coherent
states. Finally, §5 contains some additional comments.

2. Discretization method

2.1 Basis of the method

The starting point is the SMVT for integrals [9–13], i.e., if f (x) is strictly monotonic in
the interval (p, q), where p < q, and if ρ(x) ≥ 0 is integrable over that interval, then
there exists at least one point ξ (with p ≤ ξ ≤ q) such that∫ q

p

f (x)ρ(x)dx = f (p)

∫ ξ

p

ρ(x)dx + f (q)

∫ q

ξ

ρ(x)dx. (2)

This theorem applies to a strictly monotonic function, i.e., defining the increment of f (x)

as �f (x) := f (x ′)−f (x), for x ′−x > 0, then f (x) is either strictly increasing (�f (x) >

0) or strictly decreasing (�f (x) < 0) in the interval p ≤ x ≤ q. When f (x) is a
constant (say, c), choose ξ = (q + p)/2 as the midpoint of the interval p ≤ x ≤ q and
f (q) = f (p) = c. By convention, other statements in [9] are formally included in eq. (2)
with suitable reinterpretation.
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Now consider the interval [p, q] := p ≤ x ≤ q and associate to it the quantity

P([p, q]) :=
∫ q

p

ρ(x)dx = P([a, q]) − P([a, p]). (3)

As ρ(x) is a PDF, then ρ(x) ≥ 0 and P([p, q]) is the probability of choosing one value of
x in the range p ≤ x ≤ q. The quantity CDF(u) := P([a, u]), defined for a ≤ u ≤ b, is
known as the cumulative distribution function (CDF) of the continuous random variable
�. The PDF and the CDF contain all the probabilistic information about �; i.e., the
probability distribution of � can be described by either of them.

2.2 Natural discretization of ρ(x) induced by f (x)

Consider a piecewise monotonic function f (x) on the interval [a, b], with a < b, and
assume that: (1) The function f (x) has a minimal number of different regions or seg-
ments (N ≥ 1) defined by a set of points a = x0 < x1 < x2 < · · · < xN−1 < xN = b

covering the whole interval [a, b], (2) on each segment [xn−1, xn], f (x) is strictly increas-
ing, strictly decreasing or a constant. By convention, the bending points of f (x) are the
points x0, x1, x2, . . . , xN between the segments (including x0 and xN ), i.e., the points in
which the curve f (x) changes its course (figure 1). The N subintervals [xn−1, xn] are
named the ‘regions’ or ‘segments’ of f (x), with n = 1, 2, . . . , N .

The mean value 〈f (x)〉 given by eq. (1) can be written as 〈f (x)〉 = ∑N
n=1 In, where

In := ∫ xn

xn−1
f (x)ρ(x)dx. Under the conditions of SMVT, for the nth segment there is a

point ξn (xn−1 < ξn < xn) such that In = f(xn−1)P([xn−1, ξn])+f(xn)P([ξn, xn]). Then,
eq. (1) can be written as

〈f (x)〉 =
N∑

n=1

[
f(xn−1)P([xn−1, ξn]) + f (xn)P([ξn, xn])

]
. (4)

n = 1
n = 2 n = N. . . . . . . . .

f(x)

x
x

0
x

1 x
N

x
n-1 x

n

a b

n-th
segment
of f(x)

Bending points of f(x)
defining the n-th segment

Figure 1. A piecewise monotonic function f (x) on the interval [a, b] is partitioned
into N segments a = x0 < x1 < x2 < · · · < xN−1 < xN = b, in which f (x) is either
monotonic increasing, monotonic decreasing or a constant. The interval xn−1 ≤ x ≤
xn is named the nth segment or region.
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This result is called the ‘natural discretization’ of ρ(x) induced by the function f (x).
By ‘natural’, one means that the only assumptions involved in eq. (4) are the ones estab-
lished by the SMVT, and that this theorem is applied to each of the complete segments
of f (x). It is to be noted that the nth segment contributes with the weights P([xn−1, ξn])
and P([ξn, xn]), and function f (x) with the values f(xn−1) and f(xn). As annotated in
§5, the segments of f (x) may be further subdivided into subintervals to have an ‘artificial
discretization’ of ρ(x), which may be necessary in some circumstances to improve the
numerical results.

2.3 Discrete probability distribution assigned to the segments of f (x)

To gain further insight into the meaning of the results obtained, it is convenient to con-
sider the nth segment of the function f (x), i.e., the interval [xn−1, xn]. The relations
f (xn−1)P([xn−1, ξn]) + f (xn)P([ξn, xn]) = In and P([xn−1, ξn]) + P([ξn, xn]) = Jn

form a system of equations, for which one assumes that f(xn−1) and f (xn) are bounded,
and that the following integrals can be evaluated analytically or numerically:

In :=
∫ xn

xn−1

f (x)ρ(x)dx, Jn :=
∫ xn

xn−1

ρ(x)dx. (5)

As the nth segment of f (x) is strictly monotonic and f(xn) − f(xn−1) 	= 0 is bounded,
the solution of the system of equations is given by

P([xn−1, ξn]) = + f(xn)Jn − In

f(xn) − f(xn−1)
,

P([ξn, xn]) = − f(xn−1)Jn − In

f(xn) − f(xn−1)
. (6)

Otherwise, if the nth segment of f (x) is a constant (f (x) = c) in the whole inter-
val xn−1 ≤ x ≤ xn, then by taking ξn = (xn−1 + xn)/2 as the midpoint, one gets
P([xn−1, ξn]) = P([ξn, xn]) = Jn/2.

In general, the existence of an appropriate value ξn, between xn−1 and xn, guarantees
that the nth segment of the function f (x) is divided into two parts, xn−1 ≤ x ≤ ξn

and ξn ≤ x ≤ xn, and that the weights Pn([xn−1, ξn]) and Pn([ξn, xn]) can be assigned
to them. Then, if the function f (x) has N segments, a discrete probability distribution
P = {P1, P2, . . . , PN } and discrete variable {f1, f2, . . . , fN } are introduced each with
N = 2N elements, where the nth segment of f (x) contributes with one odd and one even
element, namely

P2n−1 := P([xn−1, ξn]), P2n := P([ξn, xn]),
f2n−1 := f(xn−1) , f2n := f(xn) , for n = 1, 2, . . . , N. (7)

By using this change of notation, in eq. (1) the mean value 〈f (x)〉 can be expressed in an
analogous manner to the case of a discrete probability distribution, i.e.,

〈f (x)〉 =
N∑

n=1

[
f2n−1P2n−1 + f2nP2n

] =
N∑
�=1

f� P� , (8)
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where the odd and even contributions have been unified into a single sum with summation
index �. The normalization condition of P becomes

∑N
n=1 (P2n−1 + P2n) = ∑N

�=1 P� =
ωN with the degree of completeness ωN := ω.

The quantity S(P |ρ, f ) = −(kB/ωN )
∑N

n=1

[
ln(P2n−1)P2n−1 + ln(P2n)P2n

]
is the

Shannon entropy of the discrete probability distribution P := {P1, P2, . . . , PN }, where
the positive constant kB fixes the unit of measurement of entropy. Thus, one gets

S(P |ρ, f ) = − (kB/ωN )

N∑
�=1

ln(P�)P� , (9)

where the notation S(P |ρ, f ) means that for a given ρ(x), the piecewise monotonic func-
tion f (x) generates a discrete probability set P to which corresponds a Shannon entropy
S(P |ρ, f ).

2.4 Moments of f (x)

Under the assumptions of eq. (2), to calculate the moments of f (x) one may be interested
in applying the SMVT to the function g(x) := [

f (x)
]ν

, where ν is an integer, ν ≥ 1. It
is to be noted that not all the bending points of f (x) belong to g(x) but depending on the
function f (x) and the exponent n, g(x) may have some additional bending points. For
e.g., (a) x = 0 is not a bending point of f (x) = x but it is a bending point of g(x) = x2,
if a < x < b and a < 0 and b > 0. (b) The exponent n = 2 transforms the odd function
f (x) = sin(x) into the even function g(x) = sin2(x), and in the interval −2π ≤ x ≤ 2π

they exhibit six and nine bending points, respectively. Also it is to be noted that even
for common intervals eqs (6) generate different weights for f (x) and g(x). Thus, the
calculation of variance and moments of f (x) leads to different weights Pn([xn−1, ξn(ν)])
and Pn([ξn(ν), xn]), because the points ξn involved in the SMVT depend not only on the
PDF ρ(x) but also on the function in consideration, f (x) or g(x) = [

f (x)
]ν

.

In general, (i) the discretization (ρ(x)
f (x)−→ P ) of a given PDF ρ(x) into a discrete

probability distribution P = {P1, P2, . . . , PN } depends on the function f (x) and its N

segments, where each segment contributes with two elements and N = 2N . (ii) Equation
(8) can be interpreted as the N -dimensional discrete representation of the expectation
value 〈f (x)〉 given by eq. (1), which involves not only ρ(x) but also f (x). (iii) The
given two different functions fα(x) and fβ(x) lead to distinct sets of discrete probabilities
(Pα and Pβ) and their dimensions (Nα 	= Nβ) are generally different, except if the func-
tions have the same number of segments. (iv) Under the conditions (iii), as 〈fα(x)〉 	=
〈fβ(x)〉 it is natural that the set of discrete probabilities associated with ρ(x) will not be
unique. Note also that, according to eqs (7), the discretization applies not only to the PDF
ρ(x) but also to the function f (x).

3. On the continuous Shannon and Rényi entropies

Consider the function H(x, h) := −kB ln(hρ(x)) and define the differential entropy
(or continuous entropy) for a PDF ρ(x) as [4,6,14–16]

H (ρ, h) := −(kB/ω)

∫ b

a

ln(hρ(x))ρ(x)dx. (10)
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For h = 1, eq. (10) reduces to the standard definition of differential entropy and for h > 0,
to the modified differential entropy proposed in [15], in which the range a ≤ x ≤ b

is divided into bins of width h. The constant kB > 0 fixes the unit of measurement
of H(ρ, h), ln(· · ·) is the natural logarithm giving the information in nats, and by
convention 0 ln 0 = 0 (for visual representation, plot x ln(x)).

For a segment of H(x, h) defined by an interval [xn−1, xn] in which either ρ(xn−1) → 0
or ρ(xn) → 0, then H(xn−1, h) → ∞ or H(xn, h) → ∞ but, according to the convention,
H(xn−1, h) × 0 → 0 or H(xn, h) × 0 → 0. The system of equations in §2.3 cannot be
formulated and, therefore, eqs (6) are not directly applicable to that segment.

3.1 Discretization of the continuous Rényi entropy

A method to deal with the case H → ∞ is to take advantage of the continuous Rényi
entropy of order q (0 ≤ q < ∞, q 	= 1) defined as

SR(q, h) := kB

1 − q
ln

(
hq−1

ω

∫ b

a

[ρ(x)]q dx

)
= SR(q, 1) − kB ln(h), (11)

where SR(q) := SR(q, 1) is the standard Rényi entropy for a PDF of degree of complete-
ness ω [1,2]. In the limit q → 1, the entropy SR(q, 1) becomes a 0/0 indeterminate form,
and by using the L’Hôpital rule and the relation ∂(ρ(x))q /∂q = ln(ρ(x)) (ρ(x))q , one
gets SR(1, h) := limq→1 SR(q, h) = H(ρ, h) = H(ρ, 1) − kB ln(h).

The function f (x, q) := [ρ(x)]q , the identity
∫ b

a
[ρ(x)]q dx = ∫ b

a
f (x, q − 1)ρ(x)dx,

the notation ωN = ω, and eqs (8) and (7) give

SR(q,h)= kB

1 − q
ln

(
hq−1

ωN

N∑
n=1

[
f (xn−1, q−1)P2n−1(q)+f (xn, q−1)P2n(q)

])
.

(12)

In this equation, In(q) := ∫ b

a
[ρ(x)]q dx, the entities P�(q) and f�(q) are determined

by applying eqs (6) and (7) to the function f (x, q − 1) := [ρ(x)]q−1, and q ≥ 0 is a
parameter sometimes called the entropic index.

To gain an additional perspective, in eq. (12) consider the limit q → 1 by intro-
ducing the notation u′(q) := ∂u(q)/∂q and using the L’Hôpital rule. According to
§2.3, the nth summand in eq. (12) can be written as An := [

ρ(xn−1)
]q−1

P2n−1(q) +
[ρ(xn]q−1P2n(q) = In(q). Differentiation of this relation with respect to q implies
A′

n(q) = I ′
n(q) = ∫ b

a
ln (ρ(x)) [ρ(x)]q dx and, after completing the calculation of the

limit, one gets SR(1, h) = ∑N
n=1

∫ xn

xn−1
H(x, h)ρ(x)dx = H(ρ, h), as expected.

By applying eqs (6) and (7) to the function f (x, q − 1) one gets the weights P2n−1(q)

and P2n(q), for n = 1, 2, . . . , N . In particular, for q = 0, as ρ(xn−1) = 0 implies
P2n−1(0) = 0 and ρ(xn) = 0 results in P2n(0) = 0, then SR(0, h) is the logarithm of the
nonzero summands in the sum of eq. (12). For the limit value q → 1, the Hôpital rule
with the auxiliary quantity Hn := − ∫ xn

xn−1
ln (ρ(x)) ρ(x)dx, gives

P2n−1(1) = + ln(ρ(xn))Jn + Hn

ln(ρ(xn)) − ln(ρ(xn−1))
,
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P2n(1) = − ln(ρ(xn−1))Jn + Hn

ln(ρ(xn)) − ln(ρ(xn−1))
. (13)

In conclusion, the continuous Rényi entropy SR(q, h) can be represented by the discrete
expression given by eq. (12) and, in the limit q → 1, it also retrieves the continuous
entropy H(ρ, h) = H(ρ, 1) − kB ln(h). As the parameter h > 0 is arbitrary, its role is to
set a ‘reference value’ for the measurement of SR(q, h) and H(ρ, h) entropies.

4. An illustrative example with a quantum system

4.1 On the normal (or Gaussian) distribution

Consider a coherent state of the harmonic oscillator described by the wave function

φ(x;μ,�x, p̄) = 1√√
2π �x

exp

(
−1

4

(
x − μ

�x

)2
)

exp

(
i

h̄
xp̄

)
, (14)

defined for −∞ < x < ∞ with mean position x̄ = μ, uncertainty �x := σ (i.e., variance
σ 2) and mean momentum p̄. In terms of the mass m and frequency � of the oscillator the
quantities x0 = √

h̄/(m�) = √
2 �x and p0 = √

h̄m� = √
2 �p satisfy the minimum

uncertainty relation x0p0 = h̄ or �x�p = h̄/2.
The PDF associated with φ(x;μ,�x, p̄) is given by

ρ(x;μ,�x) = 1√
2π �x

exp

(
− (x − μ)2

2(�x)2

)
(15)

and, therefore f (x, q) := [ρ(x;μ, σ)]q = ρ
(
x;μ, σ/

√
q
)
/(

√
2π σ)q−1. Consequently,

f (x, q) has two segments defined by the points {x0, x1, x2}, where x0 → −∞, x1 = μ

and x2 → ∞.
Consider the integral of f (x, q) from −∞ to μ (segment 1) and from μ to ∞ (segment

2). Integration of ρ(x;μ, σ) = f (x, 1) gives J1 = J2 = 1/2, and integration of f (x, q)

leads to I1(q) = I2(q) = [
π1−q/(21+qq)

]1/2
σ 1−q . Recalling the details in §3.1 (after

eq. (12)) evaluation at the points {x0, x1, x2} gives f (±∞, q − 1) = 0 and f (μ, q − 1) =
(2πσ 2)(1−q)/2. Thus, eqs (5) and (6) imply the existence of a discrete probability set
P(q) := {P1(q), P2(q), P3(q), P4(q)} with elements P2(q) = P3(q) = 1/(2

√
q) and

P1(q) = P4(q) = 1/2 − 1/(2
√

q). As the weights P1(q) and P4(q) do not contribute to
the sum in eq. (12), the Rényi entropy is given by

SR(q, h) = kB

1 − q
ln

(
(2π σ 2)(1−q)/2 hq/

√
q
)
, q > 0, q 	= 1. (16)

On other hand, by using eq. (9) one gets the discrete Shannon entropy associated with
the probability distribution P(q), defined for q > 0 as

S (P |ρ, f ) = −kB

[(
1 − 1√

q

)
ln

(
1 − 1√

q

)
+ 1√

q
ln

(
1√
q

)
− ln(2)

]
.

When q increases, Rényi entropy decreases monotonously and for q → ∞ it reaches
the value (kB/2) ln

(
2π(σ/h)2

)
, whereas S(P |ρ, f ) takes the value kB ln 2 when q → 1,
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reaches a maximum at q = 4 and the value kB ln(2) when q → ∞; both entropies are
nonnegative. Finally, by taking the limit q → 1 and using the relation limq→1 SR(q, h) =
H(ρ, h), one gets the Shannon entropy H(ρ, h) = (kB/2) ln(2πe(�x/h)2) nats, which
is negative for an effective uncertainty σeff := �x/h such that 2πe(�x/h)2 < 1, i.e.,
σeff < 1/

√
2πe ≈ 0.241971.

At this point it is appropriate to emphasize, as mentioned in §1, that the Shannon-
continuous entropy H(ρ, h) is not the limit of the Shannon entropy S(P ) of a discrete
probability distribution P with N elements, when N → ∞. As a result of the definition
given by eq. (10), H(ρ, h) can be positive or negative, contrary to S(P ) that remains
nonnegative. Negative values of H are not associated with the violation of Heisenberg
uncertainty principle �x�p ≥ h̄/2, because the Gaussian wave function φ(x;μ,�x, p̄)

defined by eq. (14) describes a state of minimum uncertainty: �x = σ/
√

2 and
�p = h̄/(σ

√
2). Similarly, the continuous Shannon entropies (H and H̃ ) satisfy the

uncertainty relation [17] H(ρ, 1) + H̃ (ρ̃, 1) = kB ln(πe), where ρ and ρ̃ are the proba-
bility densities in position-space and wave-vector space (i.e., |k〉 := √

h̄|p〉|p=h̄k , where
|p〉 is a momentum eigenstate).

4.2 Comparison between quantum and classical behaviours

In this section, consider the function 
(x) = N(α1φ1 + α2φ2) that describes a quantum
superposition of two coherent states, φ1 := φ(x;μ1, σ1, p̄1) and φ2 = φ(x;μ2, σ2, p̄2),
where α1 and α2 in general, are complex numbers and N is the normalization constant.
The PDF is given by

ρ(x) = |
(x)|2 = |N |2 [|α1|2|φ1|2 + |α2|2|φ2|2 + I12
]
, (17)

where I12(x) = α�
1α2φ

�
1φ2 + α1α

�
2φ1φ

�
2 is the interference term, and

φ�
1φ2 = φ

(
0;μ1 − μ2,

√
σ 2

1 + σ 2
2 , 0

)
φ(x;μ, σ, p̄2 − p̄1), (18)

with

σ =
√

σ 2
1 σ 2

2

σ 2
1 + σ 2

2

, μ =
(

μ1

σ 2
1

+ μ2

σ 2
2

)
σ 2 = μ1σ

2
2 + μ2σ

2
1

σ 2
1 + σ 2

2

. (19)

In eq. (18), one uses the relation φ(x;μ, σ, p̄2 − p̄1) = φ(x;μ, σ, 0) exp(−ixp̄/h̄) with
p̄ := p̄1 − p̄2, and the Fourier transform gives

φ̃(p̄,�p,μ) := 1√
2πh̄

∫ ∞

−∞
φ(x;μ, σ, 0) exp(−ixp̄/h̄) dx

= 1√√
2π �p

exp

(
−1

4

(
p̄

�p

)2
)

exp

(
− i

h̄
μ p̄

)
, (20)

where �p = h̄/(2σ). Then the normalization constant can be written as

N =
[
|α1|2 + |α2|2 + φ

(
0;μ1 − μ2,

√
σ 2

1 + σ 2
2 , 0

)
N12

]−1/2

, (21)
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Table 1. Parameters adopted for describing the state 
(x) and PDFs ρ(x) = |
(x)|2
and ρcl(x).

μ1 σ1 p1 μ2 σ2 p2 α1 α2

6.5 0.8 −3.0 9.0 0.7 3.0 0.5 0.5

with the auxiliary quantity

N12 := 2
√

2πh̄ φ̃ (p̄1 − p̄2,�p, 0) Re

(
α�

1α2 exp

(
− i

h̄
μ(p̄1 − p̄2)

))
.

By omitting in eqs (17) and (21) the contributions due to the interference term, one gets
the classical PDF as

ρcl(x) = 1

|α1|2 + |α2|2
[|α1|2|φ1|2 + |α2|2|φ2|2

]
. (22)

For illustrational purposes, table 1 specifies the values assigned to the parameters, and
in figure 2 ρ(x) and ρcl(x) are plotted as a function of x. This graph clearly shows that
the interference term I12(x) generates four additional bending points in ρ(x) in compar-
ison with the number of bending points that ρcl(x) exhibits. By following the method
described in §3, one sets the functions f (x, q) := [ρ(x)]q , ρ(x) = f (x, 1), and similar
relationships for ρcl(x).

First, one looks for the values {x1, x2, . . . , xN } in which the function f (x, q − 1)

exhibits maxima and minima. The results are shown in table 2 for Cases (a) and (b):

2 4 6 8 10 12

0.00

0.05

0.10

0.15

0.20

0.25

0.30

x

x

ρ x( )cl

x

Figure 2. PDFs ρ(x) = |
(x)|2 and ρcl(x) given by eqs (17) and (22), respectively,
calculated with the parameters shown in table 1.
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Table 2. Set of points {x0, x1, . . . , xN } defining the segments of ρ(x) and ρcl(x) for
the parameters in table 1. The points x0 → −∞ and xN → ∞ are approximated by
finite values because at these points the probability density attains zero value.

Case x0 x1 x2 x3 x4 x5 x6 x7 x8

(a) 2.0 6.409 6.919 7.322 7.848 8.404 8.820 9.230 13.0
(b) 2.0 6.507 7.741 8.987 13 − − − −

ρ(x) and ρcl(x) exhibit N = 8 and 4 segments, respectively. Second, by applying formu-
lae (6) and (7) one gets the weights P(q) := {P1(q), P2(q), . . . , P2N(q)} assigned to N

segments of the function f (x, q−1) and for Cases (a) and (b) of table 2, the results are dis-
played in figure 3. Third, after the evaluation of the coefficients f2n−1(q) = f (xn−1, q−1)

and f2n(q) = f (xn, q − 1), the discretization of the Rényi entropy proceeds according to
eq. (12).

Figure 3 shows that the weights satisfy the normalization condition, ωN =∑N
�=1 P�(q) = 1.0 for all the values of q. For q → 0 the importance of some weights

increases, whereas the significance of other weights decreases to zero. As a general rule, if
ρ(xn−1) = 0, then P2n−1(0) = 0, and similarly, if ρ(xn) = 0, then P2n(0) = 0. As shown
in figure 2 and table 2, one has: for Case (a): ρ(x) = 0 for x = x0, x4 and x8, and for Case
(b): ρcl(x) = 0 for x = x0 and x4. Thus, P1(0) = P8(0) = P9(0) = P16(0) = 0 for Case
(a), whereas P1(0) = P8(0) = 0 for Case (b). On the other hand, as q increases some
weights are gradually eliminated, while some other weights still survive. For q ≥ q∞,
where q∞ has a large value, in eq. (6) [ρ(xn)]

q−1 − [
ρ(xn−1)

]q−1 → 0 and, in this case,
such equations are no longer valid.

Figure 4 shows the Rényi entropy SR(q, 1) as function of q, calculated for Case (a)
of table 2, with the parameters of table 1. SR(q, 1) decreases monotonously when q

0 2 4 6 8 10

0.00

0.05

0.10

0.15

q

P
q(

)
n

n = 16

n = 1

n = 2

n = 15

n = 8

n = 10

n = 7 n = 12

n = 9n = 5

n = 6

(a), ρ(x)

0 2 4 6 8 10

0.00

0.05

0.10

0.15

q

P
q(

)
n

n = 4

n = 2 n = 7

n = 3

n = 6

n = 5

n = 1
n = 8

(b), ρ
cl

(x)

Figure 3. Behaviour of the weights Pn(q) as a function of q, evaluated for the
parameters of table 1 and Cases (a) and (b) of table 2.
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S
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)
R

H(ρ, 1)

0 1 2 3 4 5

1.2

1.4

1.6

1.8

2.0

2.2

q

S
q(
,1

)
R H(ρ, 1)

Figure 4. Rényi entropy SR(q, 1) for Case (a) in table 2. The solid line represents
the natural discretization given by eq. (12), whereas the tiny dotted line exhibits the
results from eq. (11). For improving the behaviour in the neighbourhood of q = 1
an artificial discretization is required, and the results are shown in the inset. The dif-
ferential entropy takes the value H(ρ, 1) ≈ 1.6514 nats. For Case (b) in table 2 a
similar general behaviour is observed and H(ρcl, 1) ≈ 1.7001 nats.

increases, as S ′
R(q, 1) is a negative quantity for all the values of q. However, in the

vicinity of q = 1 and specially for q < 1, eq. (12) gives results which differ significantly
from those given by eq. (11). Then, for dealing with the singularity of eq. (12) in the
vicinity of q = 1, one uses the relation SR(1, h) = H(ρ, 1), chooses a cut-off point q�

(e.g., q� = 1.2) and, for q ≤ q�, introduces an artificial discretization of the segments
of f (x, q − 1): the nth segment is divided into Mn subintervals, each of length �n :=
(xn − xn−1)/Mn, and xn,m = xn−1 + m�n, for m = 0, 1, . . . , Mn. The partition M =
{3, 2, 2, 3, 3, 2, 2, 3} significantly improves the results, which can be observed in the inset
of figure 4, for Case (a). For Case (b) of table 2 one proceeds similarly by choosing a
partition M = {4, 4, 4, 4}.

The entropies are shown in figure 5 as a function of q, for Cases (a) and (b) of table 2.
Rényi entropy SR(q, 1) is calculated by using eq. (12), with the natural discretization for
q > q� and artificial discretization for q ≤ q� = 1.2. One observes that, in general,
the Rényi entropy for Case (b) is greater than that for Case (a), i.e., the interference
term I12 in eq. (17) reduces the Rényi entropy in comparison with that for the classical
probability density ρcl(x) given by eq. (22): S

(b)
R (q, 1) > S

(a)
R (q, 1). Rényi has shown

that SR(q, 1) represents the disclosed information (or removed ignorance) after observing
the result of an experiment depending on chance [1,16,18]. Also, it is observed that
H(ρcl, 1) > H(ρ, 1).
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R
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Figure 5. Entropies for the PDFs ρ(x) (——) and ρcl(x) (· · · · ·) given by eqs (17)
and (22), respectively, calculated with the parameters shown in table 1. The differ-
ential entropy takes the value H(ρ, 1) ≈ 1.6514 nats for Case (a) and H(ρcl, 1) ≈
1.7001 nats for Case (b).

By using eq. (9) one obtains the Shannon entropy S(P, q) := S
(
P |ρ, ρq−1

)
, i.e.,

the averaged information associated with the PDF ρ(x) and, therefore with the weights
P = {P2n−1, P2n|n = 1, 2, . . . , N} deduced for the natural discretization of ρ(x).
Figure 5 shows that S(a) (P , q) > S(b) (P , q), which indicates that the ‘amount of uncer-
tainty’ [19] represented by the quantum probability density function ρ(x) is greater than
that represented by ρcl(x). This characteristic can be understood because the interference
term I12 in eq. (17) produces four additional bending points in ρ(x) compared to the four
of ρcl(x) (figure 2 and table 2).

5. Additional comments and conclusions

As mentioned in §2.2, the segments of f (x) can be subdivided into subintervals to have
an artificial discretization of ρ(x). Explicitly, the nth segment of f (x), xn−1 ≤ x ≤ xn, is
divided into Mn bins, i.e., subintervals of widths defined by an arbitrary set of (Mn + 1)

points Xn := {xn,0, xn,1, xn,2, . . . , xn,Mn
} such that xn,0 := xn−1, xn,Mn

:= xn, and
xn,m−1 < xn,m, for m = 0, 1, 2, . . . ,Mn with Mn ≥ 1. A common way is to choose
Mn subintervals each of length �n := (xn − xn−1)/Mn, so that xn,m = xn−1 + m�n. The
mth subinterval of the nth segment is named the (n,m)th bin, i.e., xn,m−1 ≤ x ≤ xn,m.

As the choice of the set Xn is arbitrary, this process is an artificial discretization of
the PDF ρ(x), which contrasts with the natural discretization described in §2.2. This
procedure allows the application of the SMVT to each bin for improving the results of
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numerical calculations, as shown in §4.2 when the Rényi entropy SR(q, 1) was calculated
for q < q�.

By using an artificial discretization procedure, instead of eq. (4) one has

〈f (x)〉 =
N∑

n=1

Mn∑
m=1

[
f
(
xn,m−1

)
P←

n,m + f
(
xn,m

)
P→

n,m

]
︸ ︷︷ ︸

=In

. (23)

The SMVT ensures the existence of a point ξn,m which decomposes the (n,m)th bin into
two subintervals, one at the left (←) and other at the right (→) of ξn,m. Thus, in analogy
with eqs (6), the (n,m)th bin contributes with two weights,

P←
n,m := P

([xn,m−1, ξn,m]) = + f
(
xn,m

)
Jn,m − In,m

f
(
xn,m

) − f
(
xn,m−1

) ≥ 0,

P→
n,m := P

([ξn,m, xn,m]) = −f
(
xn,m−1

)
Jn,m − In,m

f
(
xn,m

) − f
(
xn,m−1

) ≥ 0, (24)

with the auxiliary quantities

In,m :=
∫ xn,m

xn,m−1

f (x)ρ(x)dx, Jn,m := P
(
xn,m−1 ≤ x ≤ xn,m

)
. (25)

The weights assigned to the nth segment of f (x) satisfy Jn := P ([xn−1, xn]) =∑Mn

m=1

[
P←

n,m + P→
n,m

]
with the normalization condition

∑N
n=1 P([xn−1, xn]) = ωN .

To conclude, in this paper a discretization method of PDFs has been presented such
that: (i) it is based on a well-defined mathematical property, namely, the SMVT; (ii) it
allows one to apply the discrete probability theory to describe continuous probability dis-
tributions and (iii) it has been successfully applied to the discretization of the continuous
Rényi entropy for a ρ(x) associated with the superposition of two coherent states. This
work also gives an answer to a remark in [11] concerning the third mean value theorem
for integrals (in this study SMVT), which quotes as: “To be quite frank, I haven’t the
slightest idea what is good for” the SMVT. This paper is indeed a useful application of
this theorem.
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